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Abstract 

We study the ADHM construction of instantons in AA = 2 supersymmetric Yang- 
Mills theory deformed in constant Ramond-Ramond (R-R) 3-form field strength 
background in type IIB superstrings. We compare the deformed instanton effective 
action with the effective action of fractional D3/D(— 1) branes at the orbifold singu- 
larity of C^/Z2 in the same R-R background. We find discrepancy between them at 
the second order in deformation parameters, which comes from the coupling of the 
translational zero modes of the D(— l)-branes to the R-R background. We improve 
the deformed action by adding a term with space-time dependent gauge coupling. 
Although the space-time action differs from the action in the O-background, both 
actions lead to the same instanton equations of motion at the lowest order in gauge 
coupling. 
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1 Introduction 

Closed string background in superstring theories induces non-trivial effects on D-branes, 
which are useful to study non-perturbative properties in supersymmetric gauge theories. 
For example, constant NS-NS B-fields along D-branes induce noncommutativity on the 
world- volume [HIS]. Noncommutative instanton [31 H] is a basic object for studying the 
ADHM moduli space of instantons [5J, which resolves small instanton singularity. 

Closed Ramond-Ramond (R-R) backgrounds also bring novel effects on the D-branes. 
In fact, constant self-dual graviphoton backgrounds are utilized to investigate F-terms in 
supersymmetric gauge theories via closed/open string duality P, El 11119]. In this set-up, it 
is important to fix the scaling condition for the (self-dual) graviphoton field strength J-'a/B, 
where a, (3 are spinor indices in four- dimensional space-time. For example, in [9] the zero 
slope limit a' — > with fixed {2ti a')^^J-'af3 was considered. On the other hand, the self- 
dual graviphoton background with fixed (27rQ;') 2 JF^^ provides a non(anti)commutative 
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deformation of J\f = 1 superspace [TOl [TTl [12] . J\f = 1 supersymmetric gauge theories in 
non(anti)commutative superspace has been studied extensively (see [121 [13] for example). 
The instanton solution and its moduli space are also deformed by non(anti)commutativity 
[T^l [T5] . In [15], the instanton is realized in D3/D(— l)-brane system at the singularity 
on the orbifold R^/Z2 x Z2 in the graviphoton background. 

Non(anti)commutative Af = 1 superspace is generalized to A/" = 2 extended super- 
space, which admits the singlet and non-singlet type of deformations [16]. Supersymmet- 
ric gauge theory on non(anti)commutative Af = 2 harmonic superspace [T6l [T71 [T8 l [T9l [20] 
can be realized on D3-branes at the singularity in the orbifold C^/Z2 in the R-R 5- form 
background jF"^^-^ with the same scaling condition as in A/" = 1 non(anti)commutative 
case. Here I,J = 1,2 are SU{2)fi R-symmetry indices. It has been shown in [21] that 
symmetric-symmetric (S,S) type field strength J^i°'P)^^-^) corresponds to the non-singlet 
deformation. An antisymmetric-antisymmetric (A,A) type field strength J^\-°'P^^^ -^^ is ex- 
pected to correspond to the singlet deformation p/7j. The deformed instanton equa- 
tion with some special deformation parameters was discussed in [22] • Prepotential of 
non(anti)commutative gauge theory with singlet deformation was also discussed in [20] . 
Using string theory technique, further extension to the A/" = 4 gauge theory in the R-R 
5-form graviphoton background was investigated p3], but their instanton solutions are 
not yet studied so far. Recently its gravity dual has been proposed in [21]. 

In superstring theory there are R-R backgrounds with various rank. In type IIB 
theory, for example, there are R-R 3- forms (and its dual), which correspond to the back- 
grounds jF("'^)[^'^] and jFt^^l^^-^), denoted as (S,A) and (A,S) type deformations [23]. Here 
A, i? = 1, ■ ■ ■ ,4 are SU (4)^ R-symmetry indices. By orbifolding C^/Z2, we can introduce 
deformation of A/" = 2 theory. For the (S,A)-type deformation, the field strengths become 
jr{af3){ij) g^j^^ jr{af3)[r J'] ^j/ ^ ji _ 3^4), Thcsc dcformatious cannot be realized in terms of 

non(anti)commutative superspace, but have interesting non-perturbative effects. 

Recently, in [2Bj the low-energy effective action of a system of fractional D3 and 
D(— l)-branes was studied in the (S,A)-type background with fixed (27ra')5jF('^^)[^'^] and 
(27ra') 2 They observed that the effect ive action of a fractional D3/D(— 1) system 

agrees with the instanton effective actions of gauge theory in the ^-background [20] by 
identifying the R-R 3-form field strengths with the f2-background. The instanton effective 
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action in the f2 background plays an important role to obtain the closed form of the 
prepotential in A/" = 2 supersymmetric gauge theory with help of the localization technique 
[261 Eg EH EHl EO]. Since the fractional D3/D(-l) system in the R-R 3-form background 
provides a simple string setup, it is important to study the relation between the R-R 
3-form background and the f2-background in viewpoint of application to more general 
system. In a previous paper [31], we studied deformation of A/" = 2 and 4 super Yang- 
Mills theories in the (S,A) or (A,S) type R-R 3-form background 0. It would be natural to 
expect that the deformed M = 2 gauge theory gives the effective action of D(— l)-branes 
in the R-R background. However, there are some subtleties to identify both theories. The 
deformed action of the D3-branes in the R-R 3-form background is rather different from 
that of gauge theory in the ^-background. Gauge theories deformed in the constant R-R 
3-form background have manifest translational symmetry, but the f2-background metric 
contains space-time coordinates explicitly and translational invariance is lost. 

The aim of this paper is to study the relation between M = 2 super Yang-Mills theory 
deformed in the R-R 3-form background and the fractional D3/D(— 1) effective action. 
We will solve the instanton equations in deformed theory using the ADHM construction 
[51] up to the second order in the deformation parameter. We then construct the instan- 
ton effective action from the field theory and compare it with that obtained from the 
string theory. We will see that discrepancy arises at the second order in the deformation 
parameter, which comes from the absence of coupling of translational zero modes to the 
R-R background in the gauge theory side. When we want to reproduce this coupling as an 
instanton solution, we need to add one term to the deformed action at the second order. 
The improved action has the space-time dependent gauge coupling, which is similar to 
that in the ^-background. But two actions are shown to be different. However, they have 
the same instanton equations of motion at the lowest order in gauge coupling and give 
the same instanton effective action. 

This analysis can be generalized into the A/" = 4 super Yang-Mills theory in the R-R 3- 
form background and A/" = 4 version of the f2-background. This subject will be discussed 
in the next paper |32j . 

The organization of this paper is as follows. In section 2, we introduce four- dimensional 

^ In [55] the N = 2 deformed Lagrangian with J^t"^')!^ •^1=0 was obtained. 
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(S,A)-deformed Af = 2 U{N) super Yang-Mills action defined on (fractional) D3-branes 
at the singularity of the orbifold C^/Z2. The instanton equation is obtained and solved 
via the ADHM construction. We calculate the instanton effective action for the self-dual 
solution and compare this result with the D3/D(— l)-branes result [25]. However, once 
we introduce a term which breaks translational symmetry of the deformed action, both 
results agree even at the second order. 

In section 3, the relation between the (S,A)-deformed super Yang-Mills theory and the 
^-background is discussed. Section 4 is devoted to conclusions and discussions. We make 
a comment on the mass term deformation of the instanton effective action induced by the 
(A,S)-type background. A brief introduction to the ADHM construction of instantons is 
presented in appendix A. A detailed calculation of the instanton effective action can be 
found in appendix B. 

2 Instanton calculus in the (S, A) -deformed Af = 2 
super Yang-Mills theory 

In this section, we discuss four-dimensional M = 2 U{N) super Yang-Mills theory de- 
formed by the (S,A)-type R-R 3-form background [31] and calculate the instanton solu- 
tion and the instanton effective action. M = 2 U{N) super Yang-Mills theory is described 
by gauge fields (/i = 1,2,3,4), complex scalars (p, (p and Weyl fermions A^ and A" 
(/ = 1,2), which belong to the adjoint representation of gauge group U{N). We denote 
T"^ as the basis of U{N) generators normalized as Tr(T'^T") = with constant k. 

The Lagrangian is given by 



Co = -Tr 

K 



(2.1) 



Here F^j.^ = d^A^ — duA^j, + ig[Afj^, Ay] is the gauge field strength, g is the gauge coupling 
constant and D^* = * +ig[A^,*] is a gauge covariant derivative. We also define 
o'fi = {ir^ , ir"^ , ir^ , 1) and (x^ = (— ir-*^, — ir^, — ir^, 1), where r* {i = 1,2,3) are the Pauli 
matrices. 6' is a theta angle and F^y = \e^yp(jF^'^ . This theory is the low-energy effective 



4 



theory of (fractional) D3-branes on C x C^/Z2, where the D3-branes are located in the 
fixed point of the orbifold 

We now introduce the (S,A)-type R-R 3-form jf(°/3)[^s1. After Z2 orbifolding, the 
surviving components are jF^""^)^^ and jF^"^)^^, from which we define J\f = 2 deformation 

parameters as = 4v^7r(27^a')^J^^"^^^^ C*"^ = 4y27r(27ra')^-F^°^^^^- 

We also use the notation C^"" = ef3^{a'"')a^C'"^ and C^"" = ef3^{a''^)a^C"^ where 
cr'^'^ = j{(t^(t'^ — a'^a^). C^" corresponds to the self-dual graviphoton field strength in 
M = 2 supergravity multiplet while C*^*^ corresponds to the self-dual background of the 
vector multiplet [25]. The deformed Lagrangian up to the second order in the deformation 
parameter is [31] 

C = C^ + Cc, (2.2) 

where the second term Cc in (12. 2p is the interaction term obtained from the computation 
of disk amplitudes of open strings in the R-R 3-form background; 

1. 



c 



-Tr 



K 



(2.3) 



We study the instanton solution of the deformed theory based on the Euclidean action. 
The bosonic part relevant to the gauge instanton is written in the perfect square form S' 
as 

^2 



S' 



d X — Tr 



K 



-{Fl^)-^g[C^^^ + C^^^)y 



+ 



d X — Tr 



K 



9' 
,2 



+ ie\k 



+ 



where F^t'' = \{F^v ± F^^j). The instanton number k is defined by 



327r2 



d^x -TrF.^F^^ 

K 



We then obtain the self-dual and the anti-self-dual equations. 

F^Tu^ = 0, 

Fl+'^-ig{C^^^ + C>^''v) = Q. 



i9j k. 
(2.4) 

(2.5) 



(2.6) 
(2.7) 
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A solution corresponding to the equation (12. 6p is called the self-dual solution while the one 
to the equation (12.71) is the anti-self-dual solution. The other fields satisfy the equation 
of motion in the (anti-) self-dual background. From the Lagrangian ( 12. 2p . the equations 
of motion are derived as 



+ igF.^C^'- + g^^C.,C^- + g^^C.,&- = 0, 



D^^ - iV2gAiA^ - g^ ^] 
D^if + iV2gk^ki - g^ if, [if, if] 
{a^')^pD^A/ + V2g[^, A,,] + V2gC^pA^j = 0, 
ia>^f^D,A'fs-V2g[ip,A''']=0, 
{F>"' - 2ig<^C^"' - 2ig<^C^"') 

-zg[^,D''^]-zg[^,D''^]-g{an^p{A''^,AjP} = 0. 



{2.i 



First we consider the case where the vacuum expectation values (VEVs) of the scalar fields 
are zero. In this case, we find some exact solutions. For example, in the case of C^'^ = 0, 
the Dirac equation for the fermion Aq, has no zero mode in the self-dual background. We 
can set A = 0. Then the equation of motion for (f becomes 



- 9'^ V^] 



0, 



(2.9) 



from which cp = is found to be an exact solution. Therefore = A = is shown to be 
an exact solution. Then the equation of motion for the other fields becomes 



F(-) = 
{aT^D.A'p = 0, 



+ iV2gA^Ai + iC^'^F.^ = 0. 



(2.10) 
(2.11) 
(2.12) 



The equations (I2.10p - (l2.12p are solved by the ADHM construction [31] (see appendix lAl) 
for any instanton number k as 



= -tUd^U, 



Ai = U{M'fK - hJM')U, 
.V2 



^ = -^ ejjUM'fM'U + U\ ° ° , ^ 1 f^- 
4 \ XI2 + IfeC" 



(2.13) 
(2.14) 

(2.15) 
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Here U is the {N + 2k) x matrix which satisfies A°U = with the {N + 2k) x 2k matrix 

= aa + b'^{(T^)/3aX^ = ( , ^^"^ . ), X aa = {(^ fi) aaX'' , (2.16) 

\{a' + XjaaJ 

where the parameters a'^ = ^(o"/^)""^^^ and Wa satisfy the ADHM constraints 

{Tr^{w^w^ + a'^-a'^^) = 0, a'^ = a'^. (2.17) 

= {jj,^ -MaY is the (A^ + 2k) x k constant Grassmann-odd matrix which satisfies the 
fermionic ADHM constraints 

li'wa + Wa^' + a!aa] = 0, M'i = M'^. (2.18) 

The parameters a'^^, w^, A^'J and fi^ are called ADHM moduli. C in fl2.15p is the 2x2 
matrix of which components are C^^ = |(cr^jy)a^C^'^. The k x k matrix x obeys the 
following equation such that (I2.15p is a solution of (I2.12p : 



Lx = i^tuM'M' + C^'[a'^, a'X (2.19) 



where the operator L is defined by 



L* = Uzu'-Wa,*} + k, [a'^, *]] . (2.20) 



2 

In the case of C'^'^ = 0, a solution of 

Fl^t^ = 0, (2.21) 

{a^apD^A^ = 0, (2.22) 

D^if -iV2gAjA^ = 0, (2.23) 

A^ = 0, ¥. = (2.24) 

satisfies the equations of motion. In this case, the solution is independent of C'^'^ because 
the self-duality of C'"' leads to C'^'^F^;^ = in (E^D- Therefore the anti-self-dual solution 
is not deformed by C'^'^ when C'^'^ = 0. 

Nextly we consider the case where both C'^'^ and C'^" are nonzero and where the adjoint 
scalar fields ip, (f have nonzero VEVs. In this case, we should consider the constrained 
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instanton solution (see [31] for a review). We solve the equations of motion perturbatively 
in the gauge coupling g. The expansion in g gives reliable results when the VEVs = {ip) 
and = {if) are large. Then in the self-dual background the classical action S is expanded 

as 

S=^-^ + ike + g's'S + 0{g'). (2.25) 

S'gg is called the instanton effective action. The instanton effective action in the anti- 
self-dual background is also defined similarly, sf^ is expressed by the ADHM moduli 
parameters by plugging the constrained instanton solution into the action. 

In the next subsections, we investigate the constrained instanton solutions. We will 
discuss the solution for the self-dual and the anti-self-dual cases separately. 

2.1 Anti-self-dual case 

For the anti-self-dual case (12.71) . the solution is expanded in the gauge coupling g as 

A, = ^-140) +^41) + ..., (2.26) 

= g-2A(o)i + glA^i + . . . ^ (2.27) 

A, = g-'.Ap+glA(p + ..., (2.28) 

^ = ^?V°)+/^« + ---, (2.29) 
^ = ^o^(o)+^2-(i)^... _ (2.30) 

The equations of motion (12.81) for the fields at the leading order become 

= 0, (2.31) 

V2^(°) - tV2APA^^^' = 0, (2.32) 

VV^°^ = 0, (2.33) 

(^'^)./3V,Ar = 0, (2.34) 

{aT^V^A^^^' - y2[v?(°) , A(°)^"] = 0, (2.35) 

V^fW/^- = 0, (2.36) 

where denotes the covariant derivative in the instanton background = (9^+i[y4}f\ *]. 
These equations are not deformed. The instanton effective action S^^ in (12.251) is evaluated 



as 



0(0) 



— / d^x Tr 

K 



which is not also deformed. 



^2.37) 



2.2 Self-dual case 



For the self-dual case (12.61) . we have the expansion 

A, = g-'A^^ + + . . . , 

The equations of motion at the leading order are 

= 

V2<^(0) + iFj^l^C^" = 0, 



0- 



{0)1 



0, 



{^'U^.'^T' + v^[^^^ + y2A(°)^A/..) = 0, 
V pWa.^ = 0, 



(2.38) 
(2.39) 
(2.40) 
(2.41) 
(2.42) 

(2.43) 
(2.44) 
(2.45) 
(2.46) 
(2.47) 
(2.48) 



The equations (12.481) is automatically satisfied due to the self-dual condition (12.431) . Other 
equations (I2.43I) - (I2.46I) have been solved via the ADHM construction in the case of C^'^ = 
[25]. For nonzero C^'^ and C'^'^ these are solved as 



4°^ 

A(o)/ 



Pi - 
-i^eijUM^fM-'U + U 



(f) 

x'i-2 + lkC 



(0) 



u 





xU + lkC 



u. 



(2.49) 
(2.50) 

(2.51) 
(2.52) 



Here C is the 2x2 matrix of which components are Ca^ = \{(y^v)a^C^^ . The k x k 
matrices x and x satisfy the equations 

.V2 



Lx = iu"(f)Wa + C^^la'^, aj\. 



(2.53) 
(2.54) 



We note that we do not need to solve the equation of motion for A^°^" exphcitly. This 
is because contribution of A.f^°' to the action is just the subleading order in gauge couphng 
constant g. We also note that the solutions of the gauge field and Weyl fermion Ai^"*^ are 
not deformed by C^^ and C^" and the ADHM constraints (12.171) and (I2.18P (see appendix 
lAl) do not change. This is contrasted with the case of A/" = 1 non(anti)commutative 
deformed super Yang-Mills [15l [HJ in which the bosonic ADHM constraints (I2.17P are 
changed due to the non-zero graviphoton background while fermionic constraints (12.181) 
remain unchanged. 

Now let us evaluate the instanton effective action in the self-dual instanton background 
and write down it in terms of the ADHM moduli. Some formulae are proved in appendix 
[Bl By substituting the expansion (I2.38l) - (l2.42p into the classical action, the instanton 
effective action is given by 



c(0) 
'-'eff 



— / d^x Tr 



V 2 



(2.55) 



From the equation of motion (12.441) . the first and the fourth terms in (12.551) become the 
total derivative, 



- / d^x Tr [V^v'^o) V^(^(°) - 



d'^x — Tr 

K 



:2.56) 



which is evaluated by the value of V ^^p*^^^ at infinity as 



d X — Tr 



- hm 27r2|x|VTr[(^(°V^<^(°)] 

K |x|^oo 



47r2 



trfc 



+ 



Wa — W°'(j)WaX 



(2.57) 
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Here tr^ denotes the trace for instanton indices. The second and the fifth terms in (12.551) 
are calculated as (see appendix [Bi) 



d X — Tr 



K 



The third term is 

d^x — Tr 
n 

Finally Sf^ becomes 
47r2 - 



-V27r^2e/jtr^ 



(2.58) 



— trfc 

K 



[2.59) 



S. 



(0) 
eff 



-trfc 



4 2 o 



4 



(2.60) 



This action can be also obtained from the following action by integrating over the auxiliary 
fields X) s-iid z3 

27r2 



S. 



(0) 
eff 



-trfe 



+ (XW" - w"0)(Wc.X - (t^Wa) + (X^^" - ^^"0)(Wc.X - (t^Wa) 



+ s. 



ADHM, 



(2.61) 



where S'adhm contains the Lagrange multipliers ipj, D associated with the ADHM con- 
straints (12.171) and (I2.18P by its equation of motion. It is given by 

47r2 



S 



ADHM 



-trfc 



^2.62) 
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We note that this effective action fl2.6ip is different from the fractional D3/D(— 1) action 
in the R-R 3- form background at 0{CC) which is obtained as 

27r2 



(0) 
str 



K 



-trfc 



-2 [x,a;j-C,.a'^ [x,a'1-C^V 



-I (J- 7 J\ 

+ 5'adhm- 



(2.63) 



The difference between fl2.63p and (12.611) is 



(0) 



o. 



(0) 



cS 



TT 



K 
2 



-trfc 



-trt 



Here we have used the relation from the self-duality of C^^ and C^^ 



fiu- 



(2.64) 



(2.65) 



2 

In order to recover the effective action of the D3/D(— l)-branes (I2.63P from the (S,A)- 
deformed super Yang-Mills at 0{CC), we find that the term 



6C 



9 



16k 



(2.66) 



needs to be added to the space-time Lagrangian (12. 2p . The contribution 6Sj,^ to the 
instanton effective action coming from (12.661) is evaluated and coincides with (12.641) (see 



appendix [B] for detail). Then S'^^ + SS'^' completely agrees with S^'^^ . We note that 



:(0) 



(0) 



the term (I2.66P which contains space-time coordinates explicitly cannot be calculated in 
our previous paper [HT] in which we have treated the constant R-R background only. We 
also note that the term (12.660 does not change the self-dual equation at the leading order 
(I2.43p - (l2.46p . Hence when we start from the improved space-time Lagrangian C + 6C, we 
find the same self-dual solution (I2.50p - (l2.52p and obtain (I2.63P as the instanton effective 
action of the improved theory. 

The evaluation of the instanton effective action in string theory is based on the D(— 1)- 
brane effective action. In the presence of the R-R background, the modulus a'^ is stabilized 
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at the origin due to the 0{CC) contribution in (12.631) which is regarded as the mass term 
of a',,. This moduh stabihzation breaks translational invariance in the D3-brane world- 
volume. However, from the viewpoint of the D3-brane effective action, namely (S,A)- 
deformed super Yang-Mills theory, the background does not induce any terms violating 
translational symmetry . This is the reason why there is no a'^ mass term C^'^C^pa'^a''' in 
the field theory calculation in (12.631) . 

The action (12.631) is invariant under the following deformed supersymmetry transfor- 
mation 

= t^aiM'J, 6M'J = -2v^e^-^r . , x] + 2v^r'(^^)aaC'^^<, 

6x = 0, 6x = -v^ze^'^e^.r J, 

6D = -^r^pU\i,^i, x], = 2[X, x]Ci - iD ■ f^^f /, (2.67) 

when C^^Cpiy = C^'^Cpy. As we will see in next section, this condition is equivalent 
to the flatness of the f2-background. After the topological twist, the above symmetry 
becomes the BRST symmetry which is important to apply the localization technique 
[271 126| [28l [29| [30] for the calculation of the prepotential. The instanton effective action 
is BRST-exact as shown in 



3 Relation to the Q-background deformation 

In the previous section, we showed that the instanton effective action in the (S,A)- 
deformed M = 2 super Yang-Mills theory coincides with the D3/D(— l)-brane effective 
action with (S,A)-type background if we introduce the additional term (I2.66p . In the 
following, we discuss the relation between the f2-background deformation and the (S,A)- 
deformation of the M = 2 super Yang-Mills theory. 

The four-dimensional fi-deformed M = 2 super Yang-Mills Lagrangian C{VL,VL) is 
obtained by the dimensional reduction of six-dimensional M = 1 super Yang- Mills theory 
in the ^-background metric [35] 

dsl = 2dzdz + {dx^ + VL^'dz + Vt^'dzf, (3.1) 
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where z = -^{x^ — ix^), z = -^{x^ + ix^). Vt^ and Vt'^ are defined by Vt^ = Vt^^x^^ 
= Vt^^^Xy with constant anti-symmetric matrices Vt'^" = —^l'^^ and Vl^'^ = —Cl'^^. 
In this background, all nonzero components in the Riemann tensor are proportional to 
^^lu^'^ p — ^fiu^'^ p- Then Q and Cl are taken to be commutative matrices so that space-time 
is fiat. As we will see, under the identification f l3.1ip . this fiatness condition becomes the 
supersymmetry invariance of the instanton effective action. 
The six dimensional A/" = 1 super Yang-Mills action is 



S 



d^x y^Tr 



(3.2) 



where M, = 0, ■ ■ ■ 5 stands for curved indices in six dimensional space-time and m is 
a local Lorentz index, e^^m is a vielbein and F"^ is a six dimensional gamma matrix. 
The covariant derivative is defined by Vm = Dm — \^M,mn^™'^ where Dm is an ordinary 
gauge covariant derivative and ujM,mn is a spin connection. The field strength is defined by 
Fmn = Qm^n — Qn^m + w[^Mi ^n] and \E' is a six dimensional Dirac spinor. After the 
dimensional reduction and the Wick rotation, we obtain the four-dimensional Lagrangian 



(3.3) 



where Lq is the M = 2 super Yang-Mills Lagrangian (12. ip and 5C{VL, VL) is 



gF^.D^^^n" + gF^.^Df^cpn" 



-g^D^^D.^n^n" + ^^D^^D^^n^n'' + ig^[^, ^]F^u^^n'' 



(3.4) 



Here = ie"^((T^^)^^fi'^^ = |£"^'(a^^)^^fi^^ a^,^ = \{o^a'' - o'^g^). This part 

(5£(i7, H) can be interpreted as a shift of the scalar fields (<y9, <^) {(f — iQ^Df^, ip + iVt^D^j) 
and the modification of the complex coupling constant r — r— ^^6j)pQS°'f^^ in the M = 2 
superfield formalism of super Yang- Mills action |29j . 
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Notice that once we assume the self-duahty condition of Q^'^, the term which contains 
vanish due to the anti-self-duahty of a^y. In the following, we assume self-duality 
of n''" and 

The Lagrangian (13. 3p contains many x^-dependent interactions and looks like quite 
different from the (S,A)-deformed theory. However, the leading order equations of motion 
for the self-dual instanton ( ]2.38p -( l2^42l) turn out to be not so different from the (S,A)- 
deformed theory. It is given by 

V'^(FW + FW) = 0, 



p(0) ^ f(0) 



(^")«/^v,AW^ + v^.[^(°), aS] - V2AfjnJ + 4^v,ASn^ = 



V2 



0. 



(3.5) 
(3.6) 
(3.7) 
(3.8) 
(3.9) 
(3.10) 



The Bianchi identity and the self-dual condition 



(0) 



F^u' can be used to remove the 



second term in (13.51) and (13. 6p . After the identification 



iC. 



the leading order equations of motion (I3.5p - (I3.1QP agree with the equations (12. 430 - 02. 480 
for (S,A)-deformed super Yang-Mills theory except for the equation of motion for A. 
However the contribution of A^^'' is just the subleading order in g, hence it does not 
contribute to the instanton effective action. The 0{g^) terms in the instanton effective 
action (13. 4p is given by 



d X 



v2 



K 



+ - / (Tx Tr 



v2 

F^!^}FP''n^'^r + ^A(°)"^v^Ai°j(]^ 

V2 



The last term in (13.121) can be rewritten as 



72 



— r^^'^Tr 
72 
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(3.12) 



(3.13) 



Here the second term in the right hand side is the total derivative and does not contribute 
to the effective action in the instanton baclcground since A(o)V^pAf behaves as |a;| ^ 
for large \x\. Therefore we have 



This result coincides with the one obtained from the improved action discussed in section 
2. The last term in (13.141) agrees with (12.661) by using the relation (I2.65P and self-duality 



We note that we compared the space-time action deformed in the R-R 3-form back- 
ground with the action in the ^-background without the R-symmetry gauge field Wilson 
line. If one includes the R-symmetry gauge field Wilson line, one gets the topological 
field theory in the fi-background [271 126] which differs from the M = 2 action in the same 
background by topological terms [21]. Therefore the instanton effective action remains 
the same by the twisting. The deformed action is BRST-exact and the instanton effective 
action is also written in the BRST-exact form. Although it is not clear at this moment 
how to introduce the R-symmetry gauge Wilson line in the fractional D3-branes, the 
ERST transformations would correspond to the deformed supersymmetry transformation 
in the R-R 3-form background. 

4 Conclusions and discussions 

In this paper, we investigate (anti-) self-dual solutions in the deformed M = 2 super Yang- 
Mills theory. The theory is realized on the (fractional) D3-branes at the fixed point of 
the orbifold C x C^/Z2 in the presence of the R-R 3-form field strength background. The 
R-R 3-form background jF^"^)'"^^! is scaled as (27rQ;')5jF("^)[^-^l = fixed in order to give 
the deformation parameters C, C the mass dimension one. In the M = 2 supergravity 
context, these are interpreted as the graviphoton and the vector backgrounds, respectively 




(3.14) 
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The instanton solution is expressed in terms of the the ADHM moduh and the de- 
formation parameters. With this solution, we explicitly evaluate the instanton effective 
action for the self-dual solution using the field theoretical method. The result agrees 
with the one previously obtained in the string theory calculation [25j up to the first order 
in the deformation parameters but differs from that at 0{CC). However, once we add 
the translational symmetry breaking term to the (S,A)-deformed action and consider the 
improved action, we obtain the string theory result. 

The deformed M = 2 instanton effective action derived from the improved action is 
the same with the the action in i7-background [27] despite the fact that the space-time 
action has a different form. The instanton effective action is invariant under deformed 
supersymmetry if C and C commute with each other, which corresponds to the flatness 
condition of the f2-background. 

It is interesting to consider the deformation in the (A,S)-type background. In [31] . 
we have shown that the (A,S)-type R-R 3-form background jFl"^!^"^'^) induces mass terms 

. In self-dual case, we 

can show that the bosonic interactions induced by the (A,S)-background are sub-leading 
order and do not contribute to the instanton effective action. The only relevant part is 
the mass term for A which contributes to the equation of motion of A. However, as we 
have seen section 2, the solution of A does not contribute to the instanton effective action 
because it enters in the space-time action as the sub-leading part. Therefore the only 
modification in the instanton effective action by the ( A, S) -background is just the mass 
term of the A which can be easily evaluated by Corrigan's inner product formula (]B.7p . 
Similar to the (S,A)-type deformation, there are no (A,S)-background corrections to the 
instanton effective action for the anti-self-dual case because corrections are sub-leading 
order. 

It is possible to generalize the results in this paper to A/" = 4 and M = 2* super 
Yang-Mills theories. These generalizations will appear in a forthcoming paper [52] . 

^ In [31], the mass terms for the anti-chiral fermion A was considered. Here we consider different 
chirahty of the (A,S)-type background considered in [31] to generate the mass term for A. 
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A The ADHM construction in (deformed) J\f = 2 su- 
persymmetric Yang-Mills Theory 

Here we briefly summarize the ADHM construction [5l [S^- As we have seen in the 
equations of motion (12.431) . (12.461) for the (S,A)-deformed action, the self-dual equations 
for the gauge field and the spinor field do not change in the deformed theory. Therefore 
one can solve them by the ADHM construction based on the undeformed theory. We 
introduce the (A^ + 2k) x 2k matrix A^ja which is given by 

Aaj« = axja + bxj^a^/sax'', (A.l) 

where A = 1, 2, . . . , + 2A; and i, j = 1,2, . . . , k. k is the instanton number. a\ja and 
bxj^ are the constant matrices. They are decomposed as 

ax,a = ( ."^rr ] , h/=(,^,X X = u + za, u=l,2,...,N. (A.2) 



The matrix A should satisfy the following ADHM constraints 



where a'^, w^, and w" are called ADHM moduli. The ADHM constraints in terms of 



a'^, Wfy are 



[rf^^wf^w^ + a'^"a'„J = 0, a'^ = a'^. (A.4) 
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We also introduce {N + 2k) x matrix U which satisfies 



AU = 0, UU = 1m, f/f/ + A^/A'^ = ljv+2fc, (A.5) 
where 1„ is the n x n identity matrix. The self-dual gauge field is constructed from U as 

= -iUd^U. (A.6) 

The corresponding field strength Fj^^ is 

= -4zt/6"(a^,)//6^f/. (A.7) 

The self-duality of Fji!) immediately follows from that of a^^. 

Nextly we consider the fermionic moduli which appear as the fermionic zero modes 
on the instanton background. We solve the Dirac equation on the self-dual background 
(T^V^A*^'')^ = 0. The ansatz of the solution is 

Ai°)^ = Ao^iM') = U{M'fK - bJM')U, (A.8) 



where Ai^ is the (A^ + 2k) x k constant matrix. Plugging ( lA.Sp to the Dirac equation, we 
obtain 

(a'^)°"V^A(.°)^ = 2^6"/(A<^A" + A^M^)fKU. (A.9) 
Then we have the fermionic ADHM constraint 

_M^A" + A";W^ = 0, (A.IO) 

or equivalently 

Ji'w^ + w^^^' + [A^'"^ ] = 0, M'i = M'l, (A.ll) 
where we have decomposed A^^ as 

M-a, fJ'^ , fi^ are called fermionic ADHM moduli. 

Now we solve the equation of motion of the scalar field ip^'^^ 

VV^°^ + ^y2A^°)'Af + ^C>'''F|^l^ = 0. (A. 13) 
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First we consider the case of C^'^ = 0. The ansatz of the solution [3H is 



(0) 



-^^eJJUM'fM■'U + Ur ° \ U. 



(A.14) 



The asymptotic behavior of (]A.14p is given by hm|2.|^oo = 0- Computing V^(y9*^°\ one 
can show that 



VV^°^ = -^y2e,jA(°)^A(°)-' + AUbf 



^y^euM^M■^-{r\x} + A-^ ° lA 



(A. 15) 



where Lx is defined by 



Lx=^{w''wa,x} + a^,, 



(A.16) 



Then (f^^^ satisfies the equation of motion if x satisfies 

^/2 

Lx = i-^eijM^M-^ + w''<Pw^. 

In the case of C'^'' ^ 0, the ansatz of the solution is changed as 





(A.17) 



(0) 



(A.18) 



where C is the 2x2 matrix of which component is Ca^ = \C^^ {o'^y)J^ . Now one can 
show that 



VV^°^ = -^y2e,jA(°)^AW^ + mf 

-2r'c-{r\x} + ^ 





xU + UC, 



A. 



(A.19) 



fhU. 



The third term in the right hand side of (]A.19|) becomes the deformation term in the 
equation of motion flA.131) due to flA.7p . The C-dependent part in the last term is 



A" I ° 1 A^ = (a' + xf^CJia' + x)p^ = C^^\d^, a!J\. 



(A.20) 



20 



Then we obtain 



+ iUbf (^i^ejjM^M^ -Lx + w'^cPw^ + C^^ia^, a'J^ fbU. 
Hence is the solution of the deformed equation of motion if x satisfies 

^/2 



(A.21) 



(A.22) 



We can also solve the instanton equation of <^^^^ in a similar way. 

B Detailed calculations of the instanton effective ac- 
tion 



B.l Calculation of dTBHI) and ([233) 



Here we give the detail for the calculation of fl2.58p and fl2.59p . In order to calculate 
(I2.58p . we use the formula 



(B.l) 



where ipi and A/} are given by 



(i)« 



2 



xU + lkC \0 xU + lkC 







(B.2) 
(B.3) 

(B.4) 



\ 

^fI=\' \Mj-MiX + '^\ \a^-2a^gf. 

xu + uc \o gf^ 



(B.5) 
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Here the k x k matrix is chosen such that A/} satisfies the fermionic ADHM condition 
j\/}A° + A'^Mj = 0. From the formula (IRTD . (1^35]) becomes 



/ 



d X — Tr 



K 



d X — Tr 

K 



(B.6) 



The first term in the right hand side of (1B.6P vanishes since K{J^^)a^%l)i behaves as |x| ^ 
for large The second term can be evaluated using Corrigan's inner-product formula 
[361 [37] 

^2 



d X — Tr 



trfc 

2k 



27r2 



-C/jtrfc 



(B.7) 



where Poo = lini|x|^oo UU. Since the part proportional to Qf vanishes in (1B.7P by fermionic 
ADHM condition fl2.18l) . we do not need to solve Qf explicitly. Then we obtain fl2.58p 



d X — Tr 



K 



K 2 ^ 



Nextly we prove fl2.59p . The left hand side in fl2.59p can be rewritten as 



(B.8) 



d X — Tr 

K 



Here Ra is defined by 



M 2 



iCa" I d^x -Tr 



2C/ I d'^x -Tr 

K 







u 







Vb^'fbpU 



xl2 + lfcC 



(B.9) 







xU + lkC lo xl2 + UC^ 



U. (B.IO) 
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Then the first term of (1B.9P is evaluated as 



-2Cj^ I (fx -Tr 



,0- 



-TC' 



K 



The second term of (1B.9|) becomes a total derivative and is calculated as 



-AC J I d^x -Tr 



-iiv 



K 



where we have used the asymptotic behavior of / given by 



\X\ 



\X\ 



Finally, we obtain the result in fl2.59p 



d'^x — Tr 



K 



— trfc 

K 



B.2 Verification of the form of the discrepancy term 

The contribution from (12.661) to the instanton effective action , 5S^^^ is 



5S. 



(0) 
eff 



^ jd'x C'"^C,.|a:rTr 



From Osborn's formula [38] Tr 
total derivative as 

1 



□^tr^log/, SS^ can be rewritten in a 



:b.iii 



:b.i21 



(B.13) 



:b.i4) 



:b.i5) 



ss. 



(0) 



eflf 



16k 



C'^C,^ d^x \x\'DhTk\ogf 



Y^C7''"Cp^ j d^x 9^ [\x\'^nd^ - 2x^U + SS'^] trfc log/. (B.16) 



Plugging the explicit form of / ( lA.Sp into ( ]B.16p . we obtain fl2.64p . 



References 



[1] N. Seiberg and E. Witten, JHEP 9909, 032 (1999), |arXiv:hep-th/9908142] 

23 



[2] 
[3] 

[4] 
[5] 

[6 



[7: 



[9 

[10 
[11 

[12 
[13, 



C. S. Chu and P. M. Ho, Nucl. Phys. B550 (1999) 151, |ar Xiv:h ep-th/9812219). 

N. Nekrasov and A. S. Schwarz, Commun. Math. Phys. 198, 689 (1998), 
|arXiv:hep-th/9 802068|. 

H. Nakajima, Lectures on Hilbert scheme of points on surfaces (AMS, 1999). 

M. F. Atiyah, N. J. Hitchin, V. G. Drinfeld and Yu. I. Manin, Phys. Lett. A 65 
(1978) 185. 

M. Bershadsky, S. Cecotti, H. Ooguri and C. Vafa, Nucl. Phys. B405 
(1993) 279, |arXiv:hep-th/93Q21Q3| , Commun. Math. Phys. 165 (1994) 311, 
|arXiv:hep-th/9309140| . 

L Antoniadis, E. Cava, K. S. Narain and T. R. Taylor, Nucl. Phys. B413 (1994) 162, 
|arXiv:hep-th/9307158| . 

R. Dijkgraaf and C. Vafa, Nucl. Phys. B644 (2002) 3, [ arXiv:hep-th/0206255| . 

H. Ooguri and C. Vafa, Adv. Theor. Math. Phys. 7 (2003) 53, |arXiv:hep-th/0302109| , 
Adv. Theor. Math. Phys. 7 (2004) 405, | arXiv:hep-th/0303063| . 

N. Berkovits and N. Seiberg, JHEP 0307 (2003) 010, |arXiv:hep-th/030622^ . 

J. de Boer, P. A. Grassi and P. van Nieuwenhuizen, Phys. Lett. B574 (2003) 98, 
(^iv:hep-th/ 0302078| . 



N. Seiberg, JHEP 0306 (2003) 010, | arXiv:hep-th/0305248| . 

T. Araki, K. Ito and A. Ohtsuka, Phys. Lett. B573 (2003) 209, 
|arXiv:hep-th/0307076 | 



[14] R. Britto, B. Feng, O. Lunin and S. J. Rey, Phys. Rev. D 69, 126004 (2004), 



arXiv:hep-th/0311 275| , 

S. Giombi, R. Ricci, D. Robles-Llana and D. TrancaneUi, JHEP 0510, 021 (2005), 
|arXiv :hep-th /0505077| . 

T. Araki, T. Takashima and S. Watamura, JHEP 0512 (2005) 044, 
|arXiv:hep-th705 10088] . 

24 



[15] M. Billo, M. Frau, I. Pesando and A. Lerda, JHEP 0405 (2004) 023, 
|arXiv:hep-th/0402 160 1 . 

[16] E. Ivanov, O. Lechtenfeld and B. Zupnik, JHEP 0402, 012 (2004), 
|arXiv:hep-th/0308012] . 

[17] S. Ferrara, E. Ivanov, O. Lechtenfeld, E. Sokatchev and B. Zupnik, Nucl. Phys. B704 



(2005) 154, |arXiv:hep-th/0405049] . 



[18] T. Araki, K. Ito and A. Ohtsuka, JHEP 0401 (2004) 046, [arXiv:hep-th/0401012] , 
Phys. Lett. B 606 (2005) 202, |arXiv:hep-th70410203] , 
JHEP 0505, 074 (2005), ; arXiv:hep-th/0503224| , 

T. Araki and K. Ito, Phys. Lett. B 595, 513 (2004), [arXiv:hep-th/0404250| . 

[19] A. De Castro, E. Ivanov, O. Lechtenfeld, L. Quevedo, Nucl. Phys. B747 (2006) 1, 
|arXiv:hep-th/0510013 ], 

A. De Castro and L. Quevedo, Phys. Lett. B639 (2006) 117, [arXiv:hep-th/0605187] . 

[20] I. L. Buchbinder, E. A. Ivanov, O. Lechtenfeld, I. B. Samsonov and B. M. Zupnik, 
|arXiv:0709.3770l [hep-th]]. 

[21] K. Ito and S. Sasaki, JHEP 0611 (2006) 004, |arXiv:hep-th/060 8143]. 



[22] K. Ito and H. Nakajima, Phys. Lett. B 629 (2005) 93, [arXiv:hep-th/0508052] . 

[23] K. Ito, Y. Kobayashi and S. Sasaki, JHEP 0704 (2007) Oil, | arXiv:hep-th/0612267| . 

[24] C. S. Chu, S. H. Dai and D. J. Smith, JHEP 0805, 029 (2008) [arXiv: 0803. 08951 
[hep-th]]. 

[25] M. Billo, M. Frau, F. Fucito and A. Lerda, JHEP 0611 (2006) 012, 



|arXiv:hep-th/0606013j . 
[26] A. S. Losev, A. Marshakov and N. A. Nekrasov, | arXiv:hep-th/0302191| . 
[27] N. A. Nekrasov, Adv. Theor. Math. Phys. 7 (2004) 831, |arXiv:hep-th/0206161| . 
[28] N. A. Nekrasov and A. Okounkov, |arXiv:hep-th/0306238] . 

25 



[29] S. Shadchin, |arXiv:hep-th /0502180| . 

[30] H. Nakajima and K. Yoshioka, [arXiv :math/0311058| . 

[31] K. Ito, H. Nakajima and S. Sasaki, JHEP 0707 (2007) 068 |arXiv:0705.3532l [hep-th]] . 
[32] K. Ito, H. Nakajima, T. Saka and S. Sasaki, to appear. 

[33] M. Bertolini, P. Di Vecchia, M. Frau, A. Lerda and R. Marotta, Nucl. Phys. B 
621 (2002) 157 |arXiv : hep-th/ 01 0705 7| , M. Bertohni, P. Di Vecchia and R. Marotta, 
arXiv:hep-th/0112195j 

[34] N. Dorey, T. J. HoUowood, V. V. Khoze and M. P. Mattis, Phys. Rept. 371 (2002) 
231, [ar Xiv:hep-th/020 6063|. 

[35] N. A. Nekrasov, Class. Quant. Grav. 22 (2005) S77. 

[36] N. Dorey, V. V. Khoze and M. P. Mattis, Phys. Rev. D 54 (1996) 2921, 
|arXiv:hep-th/9603136|. 

[37] N. Dorey, T. J. HoUowood, V. V. Khoze, M. P. Mattis and S. Vandoren, Nucl. Phys. 
B 552 (1999) 88, |arXiv:hep-th/9901128l . 

[38] H. Osborn, Annals Phys. 135 (1981) 373. 



26 



